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Weak antilocalization and spin relaxation
in integrable quantum dots
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We study spin relaxation and weak (anti)localization arising from Rashba spin-orbit interaction in
ballistic quantum dots with integrable orbital dynamics. We employ a recently developed semiclassical
theory for spin-dependent quantum magneto-transport to reveal the dependence of spin dephasing on
different types of regular, spatially confined motion. In particular, we anaytically derive spin relaxation
in circular cavities and compare it with corresponding numerical results. Moreover, we show that differ-
ent integrable confinement geometries show remarkable differences in their spin evolution.
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1. Introduction

During the last years research on the effects of spin-orbit (SO) interactions on trans-
port has again received increasing attention. The reason for the revival of such studies,
both experimentally and theoreticaly, lies in an important role SO interactions play in
spin electronics and spin-based quantum information processing: in spintronics research,
spin interference devices have been suggested, such as spin transistors [1], spin rotators
[2], and spin pumps [3], based on SO interactions; in proposals for spin-based quantum
computing using quantum dots, SO effects can influence the time scales T, for coherent
spin relaxation (dephasing) and T, for decoherence processes [4].

A useful experimental probe for SO-effects in quantum transport is, on one hand,
the beating pattern of Shubnikov-de Haas oscillations in the magneto-conductivity of
high-mobility bulk semiconductors [5, 6], which, however, require additional moder-
ate magnetic fields. On the other hand, weak localization (WL) and antilocalization
(AL) are prominent examples for SO-interaction-induced quantum interference effects
on the conductance in low-dimensional electronic systems [7, 8]. While WL arises
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from the constructive interference of backscattered waves, reducing the conductance
for systems with time-reversal symmetry, SO coupling turns constructive interference
into destructive interference and hence causes an enhanced conductance, i.e. AL. Re-
cently, weak AL has been reconsidered in a number of corresponding experiments,
both for GaAs- [9] and InAs-based [6, 10, 11] two-dimensional (2d) electron gases, as
well as for ballistic quantum dots [12, 13]. While SO scattering in (disordered) bulk
systems is reasonably well understood [8], the new experiments pose the question of
how spatial confinement affects spin relaxation, which is also theoretically of interest
and pertinent for the proposals on guantum dot-based quantum computing.

Hence, recently a number of theoretical papers appeared that treat spin relaxation
and the interplay between SO and Zeeman coupling in quantum dots [14-17]. Most of
these approaches, however, rely on random-matrix assumptions [15, 16, 18, 19],
thereby assuming disordered or completely chaotic cavities. In this contribution, we
will focus on the opposite case, on integrable confinement geometries giving rise to
regular orbital dynamics, where random matrix theory (RMT) is not applicable. To
this end, we will employ a recently developed semiclassical approximation to the
Landauer formula for spin-dependent quantum transport [17, 20]. This approach con-
stitutes a link between classical orbital dynamics and quantal spin evolution, and it is
rather generally applicable to quantum dots with different types of classical dynamics.
In afirst application of this tool, spin relaxation in extended disordered and confined
ballistic systems with Rashba SO interaction has been compared [17]. As a result,
spin relaxation is much slower in confined chaotic cavities than for diffusive motion,
in accordance with experiments [12] and related theoretical work [14, 18]. Moreover,
this preliminary analysis reveals that certain integrable confinement potentials give
rise to a saturation of spin relaxation, i.e. an initial spin polarization is preserved to
a certain degree even for long times.

Here we will address this interesting finding in detail and present a case study for two
representative examples of integrable quantum dots that give rise to rather digtinct spin
evolution behaviours: a circular billiard with conserved angular momentum and its de-
symmetrised version, a quarter circle in which angular momentum is no longer a constant
of motion. Spin relaxation in the circular geometry has also been recently numerically
studied in aclosdly related semiclassica approach [21]. Here, besides presenting numerical
results, we derive an anaytical formula for the spin relaxation exhibiting characteristic
oscillations. Furthermore, we include the effect of an additiona magnetic flux and give
predictions for weak (anti)localization for the two geometries.

2. Semiclassical Landauer formula for spin-dependent transport

We consider a Hamiltonian linear in the spin operator S

H = 1,(a.p) + 18- C(G.p) (1)
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where H , represents the spatial part, including the confinement potential, and C(4,p)
is a rather genera vector function of the position and momentum operators g,p. The

term é(d,f)) can include SO coupling, as well as an externa (inhomogeneous) mag-

netic field. For a large number of systems of interest, and usually in experiments, asin
those mentioned above

hs|C(g,p) < H, (2

even if the spin-precession length, i.e. the distance a particle travels in space during
one period of precession of its spin vector, is of the order of the system size. In
Eq. (2), sisthe particle spin, and the phase-space functions without the hat denote the
classical counterparts (Wigner—Weyl symbols) of the respective operators. As a con-
sequence of inequality (2), the back action of the spin dynamics on orbital motion can
be neglected. This regime, which we study in this paper, is formally realized by taking
h — 0, while keeping all other quantities finite. This corresponds to the orbital sub-
system Hg being in the semiclassical regime, i.e. the typical classical actions S > 7.
In other words, the Fermi wavelength A- must be much smaller than the system, which
iswell fulfilled if the quantum dots are of u m size, ase.g. in Ref. [12].

Hence, only H, governs the classical trgjectories y =(q(t),p(t)), dong which an

effective time-dependent magnetic field C,(t) =C(q(t),p(t)) acts on spin via the
Hamiltonian { (t) =h§-Cy(t). We thus employ a semiquantal approach, in which
the spin dynamics is treated quantum-mechanically in terms of a (time-ordered)
propagator

R, 0=Tew i [das.c ()] 3

In this way, a weak SO coupling was incorporated into the Gutzwiller trace for-
mula [22] for the semiclassical density of states of s = 1/2-particles [23]. This ap-
proach was generalized to arbitrary spin using path integrals in orbital and spin vari-
ables [24, 25]; agenera semiclassical approach to SO interaction, without relying on
inequality (2) and including the back action of the spin onto the orbital degrees of
freedom can be found in [24, 26].

Our approach to spin-dependent coherent quantum transport through quantum
dots is based on a semiclassical Landauer formula [27, 28] that we generalize to
systems with SO and Zeeman interaction. To this end, we start from the Landauer
formula in 2d relating the two-terminal conductance G = (¢’/h)7” to the transmis-

sion coefficient [29]

=33 3 @

=1 m=1o,
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The leads support N and N’ open orbital channels m and n, respectively. We dis-
tinguish 2s + 1 spin polarizations in the leads, labelled by o= —s, ..., s, and assume
that there is no spin-orbit interaction or external magnetic field in the leads. In Eq. (4),
t.m IS the transition amplitude between the incoming channel |m, 0'> and outgoing

channel

n, o") ; acorresponding equation holds for the reflection coefficient &, satis-

fying the normalization condition 7~ + 2 = (2s+1)N, which follows from the unitar-

ity of the scattering matrix.

The transmission and reflection amplitudes can be represented with Green func-
tions. Starting from a path-integral representation of the Green functions, and follow-
ing the lines of [27] for the spinless case, our semiclassical evaluation yields the spin-
dependent transmission amplitudes [20]

- [
S ®
rimm) h

The transmission amplitudes (and, again, correspondingly the reflection amplitudes)
are semiclassicaly approximated as a coherent sum over classical transmitted (back-

reflected) paths at fixed energy. A similar Ansatz has been used in Ref. [30]. The sum runs
over classica trgectories y(N =+ n, M=+ m) that enter (exit) the cavity at “quantised”

angles @y (6, ), measured from the normal at the lead cross section. For hard-wall bound-
ary conditions in the leads, sin®,_, = mn/kw and sin®, =Mr/kw', where k is the wave
number, and w, w' are the lead widths. In (5), A, isthe classical stability amplitude [27],
and S, = jp~ dq isthe action aong a path . For the case of hilliards considered below,
S, =nkL,, where L, =VT  isthe orbit length, v is the magnitude of the (Fermi) velocity,
and T, is the time. The entire spin effect is contained in the matrix elements (K ,),,, of
the spin propagator K, =K ,(T,) (Eq. (3)) between theinitial and final spin states.

Inserting Eq. (5) into (4), we find the transmission 7 and reflection Z& for spin-
dependent magneto-transport in a semiclassical approximation [17]

(T(E,B),/?(E,B))zz Z Z M, 74y74;e(i/h)(5,—5,) ®)

77777

In the case of transmission (reflection), the paths y, ¥” connect different leads (re-

turn to the same lead). Equation (6) is till rather general and contains SO and Zeeman
interactions. The orbital contribution of each trajectory pair is weighted by the spin
modulation factor

5 ot
v,y = Tr(KyK;/) (7)

where the trace is taken in spin space.
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3. General discussion

In many physical situations one is interested in the energy average of the reflec-
tion 72(E,B) (Eq. (6)), subject to an externa arbitrarily directed magnetic field B.

The actions S, (E,B)/k are rapidly changing functions of E in the semiclassical limit.

Therefore, only the orbit pairs ¥,y with (nearly) equa actions yield non-vanishing
contributions to the energy average.

The classical reflection is obtained after summing up the terms ¥ =y [27], for
which the phase in the exponent of Eqg. (6) disappears. The modulation factor is then
M, =Tr(|{7|21) =2s+1, independent of SO interaction, and is reduced to trivial
spin degeneracy.

In a system with time-reversal symmetry, i.e. B = 0, each trgjectory has a time-
reversed partner with identical action. Such pairs contribute to terms with n = m of the

semiclassical sum (6) for reflection & (but not 7). The corresponding modulation
factor is My y,lzTr(k f) , where y* is the time reversal of 7. Upon energy average, the

pairs 7,7 form adiagonal quantum correction O R [27].

The diagonal contribution alone would violate the conservation of current, making
it necessary to account for other types of orbit pairs with close actions [27, 28]. No
effective way of adding up these terms in a cavity with regular or mixed classica
dynamics is known, however. Therefore, we will stay within the diagonal approxima-
tion when considering the following examples (see [27] for a similar treatment of the
spinless case), and direct the reader to Refs. [17, 28] for a study of chaotic cavities.

In the presence of a constant and uniform magnetic field B, the diagonal terms in
the sum (6) will be modified. First, due to Zeeman interaction, the modulation factor

My - is no longer Tr(kf) and should be calculated directly from Eqg. (7). Second,
the field component B, perpendicular to the cavity generates an additional Aharonov
—Bohm (AB) phase factor ¢ = exp[(i/h)(fy —Sy_l)J = exp[i4nAyBZ/q§O] (the field is
assumed to be weak enough to neglect the bending of trgjectories by the Lorentz
force). Here, A = .[A -dI/B, is the effective enclosed area accumulated along the
orbits 3, and @, =hc/e is the flux quantum. For a uniform treatment of the SO inter-
action and magnetic field effects, we thus introduce a generalized modulation factor,
M, = Mw_lqp. Its average A/,(L;B) over an ensemble of trajectories with fixed length

L characterizes the effective evolution of the spinor (both direction and phase) of
aparticle transported along classical trgjectories in a given cavity. The B-dependence
includes both the AB phase and Zeeman interaction. We estimate the relative quantum

correction to reflection as the average < ﬁw >L over L
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SR SR Q= M,(®)) = [ dL P(L) A7, (L;B) ®)

where P(L) is the distribution of orbit lengths before they escape from the cavity, and
the superscript (0) refers to zero spin and zero magnetic field. Strictly speaking, an
expression similar to Eg. (8) has been derived in [27] for a chaotic cavity and used for
integrable systems with an appropriate P(L). On an equal footing, we may treat the
r.h.s. of (8) as an estimate for the full relative quantum corrections to transmission and
reflection, 67 /67 © and SR/SR, since the relative diagona and off-diagonal
contributions are the same in the chaotic case [20, 28].

4. Application to integrable billiards

For the remainder of the paper we will focus on the case of spin s = 1/2 and
Rashba SO interaction [31], which is often present in 2d semiconductor heterostruc-
tures. It is described by an effective magnetic field

C = (o, m/i?) v, 9)

where o is the Rashba constant, m, is the effective mass, v the (Fermi) velocity, and
Z is the unit vector perpendicular to the cavity'. In a billiard with fixed kinetic en-
ergy, C is constant by magnitude and its direction changes only at the boundary. We
will characterize the SO coupling strength by the mean spin-precession angle per
bounce, 6, =2xnL,/L;, where L, is the average distance between two consecutive
bouncesand L, = 2znv/C isthe Rashba length.

Of the two systems chosen for our numerica study, the quarter-circle billiard can be
thought of as a, typica” representative of integrable billiards, while the circular billiard is
rather exceptional. In the latter case, owing to angular-momentum conservation, all
trgjectories efficiently accumulate area. Hence, the AB phase grows linearly in time and
the spin modulation factor is also affected in asimilar fashion (see below).

The dependence of the average modulation factor /l_//(L) = ﬁw(L; B =0) on the or-

bit length for two SO coupling strengths is shown in Figs. 1 and 2. The average was
performed over 50,000 trajectories (in the closed system, i.e. disregarding the leads),

with random initial velocity directions and positions at the boundary. Note that as the
trace of a unitary matrix, the modulation factor (7) is defined in the interval [-2, 2]

(for spin 1/2). All curvesin Figs. 1, 2 begin at W(O) =2 due to the initial condition
of K,(0) being a unit matrix. The value W(Lb) ~2-67 is aso predetermined: before

" a/h® iskept fixed in the formal semiclassical limit 7 — 0.
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its first encounter with the boundary, a particle moves along a straight line, irrespec-
tive of the geometry of the cavity.
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Fig. 1. Average spin modulation factor A7(L) Fig. 2. Solid curves: same asin Fig. 1

for the circular billiard. Dashed curves:
analytical prediction by Eq. (10)
of the respective values of 6,

for the quarter-circle billiard at two values
of spin-orbit coupling strength, ,/2x = 0.1, 0.3.

The orbit length is measured in units of the average
distance between two consecutive bounces L,

The shape of the billiard becomes important on scales L >> L,. We find that for
the quarter-circle billiard (Fig. 1), W(L) oscillates around a constant saturation
value. With increasing 6k, this value decreases down to —1, the level corresponding to
afully randomised spin state [20]. The oscillation frequency is independent of ék. The
observed behaviour of W(L) can be explained by nearly periodic changes in the spin

direction and phase during orbital motion in an integrable billiard. The average over
many trajectories results in the saturation value (the remaining oscillations cannot be
removed by averaging).

For the circular billiard (Fig. 2), we see a completely different situation. Here, for
aweak SO coupling the modulation factor can be estimated as

sinx x=02 = Lr

ML) = 2— T 0, <1 (10)

where r is the radius (see Appendix A). The analytical curve (2) (dashed curve in
Fig. 2) shows a reasonable agreement with the corresponding numerical results for
6/2n=0.1. As 6 increases, the oscillations of W(L) become irregular and the satu-
ration value falls to approximately —1.

Figure 3 presents the relative quantum correction (8) as afunction of &s. It iswell
known that 52 >0 [27, 28], which is a consequence of a weak localization. The



476 O. ZAITSEV €t dl.

enhancement of reflection due to the quantum interference between different paths in
Eq. (6) is responsible for this effect. SO interaction reverses the sign of the quantum
correction. This phenomenon is called weak antilocalization. According to Eq. (8), AL

occurs if the average modulation factor W(L) becomes negative. Contrary to the
situation in chaotic quantum dots [17], the shape of the length distribution P(L) is of

lesser importance here, since H(L) quickly saturates in most integrable cavities. In

our examples, AL occurs in the circular billiard at weaker SO-coupling strengths than
in the quarter-circle billiard.

N
VN
\\quaner—circle
1 \\

S A ' Fig. 3. Relative quantum correction to the
< o \ weak loc. reflection 673,/ (Eq. (8)) vs. spin-orbit
b “ weak antiloc. . .

N e coupling strength & for the quarter-circle
circle T~ “‘«-R____ and circular billiards. Positive (negetive)
=q ey valuesindicate weak localization
(antilocalization). The length distributions
0 /2 E: P(L) wereevauated at perimeter/lead
0, width equal to 60

A magnetic field AB flux destroys the time-reversal symmetry, thus suppressing the
WL and AL. We have also found numerically that Zeeman interaction destroysthe AL.

5. Conclusions

We have applied a general semiclassical theory of spin-dependent transport in bal-
listic quantum dots [17] to 2d cavities with integrable classica dynamics. We com-
pared the properties of two billiards with rather distinct dynamics — the quarter-circle
billiard, as a typical integrable example, and the circular billiard, where trajectories
accumulate area linearly with time. The two systems have qualitatively different aver-
age spin evolutions, which is reflected in the dependences of their average modulation
factors on the orbit length. For the circular billiard, we have derived the analytical
form of this function for weak spin-orbit coupling. As a consequence of the spin dy-
namics generated by the orbital motion, AL is predicted to appear in the circular bil-
liard at weaker spin-orbit interactions than in the quarter-circle billiard.
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Appendix A: Average modulation factor
in thecircular billiard for weak SO coupling

We derive a generdization of Eqg. (10) in the presence of an AB flux (neglecting
Zeeman interaction). To this end, we apply a unitary transformation [18] H - U "HU to
the Hamiltonian (1) with the Rashbainteraction, where

~ .2 R R

U= exp{l —(qxsy—qysx)}- (12)
LR

Here, g are the 2d Cartesian coordinates in the billiard plane, and §; are the respective

spin operators (i = X, y). Carrying out this transformation to the order 67, we obtain the
new Hamiltonian with arescaled SO coupling. Its effective magnetic field is

2

_ 12 . o

cz=—§[—njw(zxq), Cc.=C,=0 (12)
LR

With thisfield, the spin propagator along a trajectory y becomes

R

R, =exp[i[?} A0 @] 13)

where A (t) is the area enclosed by the orbit. Clearly, the SO contribution to the

semiclassical sum (6) is similar to the AB contribution with the magnetic field
B,=1n®,/L%, the sign being dependent on spin polarization [18].

By including the additional external field B,, we find the generalized modulation
factor for apair of mutually time-reversed orbits of length L to be

.4 ~
M(L)=3 exp| i~ (B.£1B,1)A, (L) (14)
+ 0
The enclosed area can be estimated as A, (L) = (M/2myv) L for an orbit in the cir-
cular billiard with angular momentum M. The average of A/,(L) (Eq. (14)) over M
yields the required expression
M (LB =Y.

sinx,
Xi

2 .
. x =25(B,+B,)rL, (15)
¢O

where r is the billiard radius. Note the partial compensation of the external and SO
magnetic fields when one of the x; is zero (cf. [19]).



478 O. ZAITSEV €t dl.

Here, afina remark isin order. A careful transformation [20] of the modulation
factor corresponding to the unitary transformation (11) of the Hamiltonian brings
about an additional contribution that is not included in (14). Approximately, it equals

SM, =—(2n/L;)* | Ag, |7, where |Aq, | is the distance between the initial and final

points of the orbit . Neglecting this term is justified, since the relevant orbits start
and end within the lead width. In all our numerical calculations of Sec. 4, however,
we started and ended the orbits at random points on the boundary. In this case, the

correction 6/% ~—62 corresponds to the spin relaxation before the first encounter

with the boundary (see above). This contribution is not important for long orbits when
6k << 1. It would be desirable to refine our calculations by checking if 67 -relaxation
is present when &k - 1 even for closed orbits (as we currently assume).
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