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We use a simple formalism to calculate the conductance of any quantum network consisting of sin-
gle-channel one-dimensional quantum wiresin the presence of Rashba spin-orbit coupling and a coupling
magnetic field. We show that the Rashba effect may give rise to an electron localization phenomenon
similar to the Aharonov—Bohm effect. This localization effect can be attributed to spin precession due to
the Rashba effect. We present results for linear transport through a finite-size chain connected to leads,
taking also the effect of disorder into account. The effects of applying a magnetic field and Rashba spin-
orbit coupling are studied in two-dimensional networks, showing that their interplay can lead the system
to atransition between localized and anti-localized behaviour.
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1. Introduction

In the recent years, a new effect of extreme localization in alarge class of rhombus
tiling networks has been discussed [1]. This effect is related to an interplay between
the Aharonov—Bohm (AB) effect [2] and geometry of the network. Actually, for par-
ticular values of the magnetic field, the set of sites visited by an initially localized
wave packet is bound by the AB destructive interference. This set of sites is referred
to asthe AB cage. Such alocalization does not rely on disorder [3], but only on quan-
tum-interference and on the geometry of the lattice. There have been several theoreti-
cal papers addressing different aspects of AB cages, such as the effect of disorder and
electron—electron interaction [4], interaction-induced delocalisation [5], and trans-
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port [6]. From the experimental point of view, the AB-cage effect has been demon-
strated for superconducting [7] and metallic networks [8] in the so-called Ts lattice.

It is known that the wave function on an electron moving in the presence of spin-
orbit (SO) coupling acquires quantum phases due to the Aharonov—Casher effect
[9-14]. We focus on the Rashba SO coupling [15, 16], present in semiconductor het-
erostructures due to the lack of inversion symmetry in the growth direction. It is usu-
aly important in smal-gap zinc-blende type semiconductors, and its strength can be
tuned by external gate voltages. This has been demonstrated experimentally by measur-
ing Shubnikov—de Haas oscillations in two-dimensional ectron gas (2DEG) [17-19].

In the recent letter [20], we have shown that it is possible to obtain a localization
of the electron wave function by means of the Rashba effect in quantum networks
with aparticular bipartite geometry containing nodes with different coordination
numbers. This phenomenon has been demonstrated for a linear chain of square loops
connected at one vertex (Fig. 1), which has been termed the diamond chain.

Fig. 1. Schematic view of the diamond chain

In this paper, the formalism introduced in our previous work [20] is improved in
order to take into account the phase factor due to the magnetic field. The mechanism
of electron localization owing to Rashba an SO coupling is analysed and compared in
detail with the AB effect. It is shown that electron localization caused by the Rashba
SO coupling is achieved only in geometrical structures that satisfy particular restric-
tions. Furthermore, we study the effect of applying SO coupling and a magnetic field
on the transport properties of two different two-dimensional structures, the T; and
square networks. One of the main results shown here is that a combination of both
effects induces the phenomenon of electron anti-localization.

The paper is organized in the following way. In the Section 2 we introduce a very
general formalism for studying quantum networks, realized with single-channel quan-
tum wires in the presence of Rashba SO coupling and an external magnetic field. Sec-
tion 3 is devoted to the transport properties of the diamond chain in presence of
Rashba SO coupling aone. A physical interpretation of the localization phenomena
due to Rashba SO coupling and a magnetic field is presented in Section 4. Section 5 is
devoted to two different kinds of two-dimensional quantum networks in presence of
Rashba SO coupling and a magnetic field. The paper ends with short conclusions of
the presented results.
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2. Model and formalism

We consider a single-channel quantum wire in a generic direction § in the plane

(x,y). The system isiin the presence of a magnetic field B perpendicular to the plane (x,y)
and Rashba SO coupling. The Hamiltonian for the single-channel quantum wireis:

(p+aA)
2m

H =

+ hﬁo [ox(p+aA)]-2+V(7) (1)

where m is the electron mass, A is the vector potential relative to the magnetic field
(B=VxA), ke is the SO coupling strength and V/(7) is the wire confining potential.
The SO coupling strength ke isrelated to the spin precession length Ly by the relation Lso
= 1/kso. FOr InAs quantum wells, the spin-precession length ranges from 0.2 to 1 um
[17-19]. The wave function on a bond (quantum wire) connecting nodes « and S, in the
direction ?aﬂ , Which takes into account SO coupling and the magnetic field, is

'4 (r):MIQn[kG —I’)J'f’ +S‘n(kr)eifa/,e—i(o"xi).f/aﬂksdaﬁ'},} @
o Sin(klaﬁ) l off a Y

where k is related to the eigenenergy by & =(4°/2m)(k*—k3,)", r is the coordinate

along the bond, and |, 4 is the length of the bond. The spinors ¥, and ¥ are the val-
ues of the wave function at the nodes oz and £, respectively. Spin precession due to the
Rashba effect is described by the exponentials containing Pauli matrices in Eq. (2).
The magnetic field contributes through the phase factor of the wave function (2)

expl-if,,, } = exp{—i 2n Ir A. dr} (3)
Gy
where ¢, = h/eisthe flux quantum.

The wave function of the whole network [6, 20, 21] is obtained by imposing the
continuity of probability current at the nodes. For a generic node ¢, it reads:

M aagla + Z M aﬂ'},ﬂ =0 (4)
<a,f>
where
e—ifu/z e—i (6X2)7 o5 ksolap
M __ = cotkl , and M, =- 5
ao <;ﬁ> off aff S-n kl o5 ( )

InEgs. (4), (5), thesum Z runs over al nodes £ connected by bonds tothe node ¢

<a,f>

" Thetermin k3, can be neglected in realistic situations.
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3. Theone-dimensional case

The one-dimensional analysis takes into account the case where only SO coupling
is present, that is the magnetic field is zero (B = 0) [20].

b 02 04 06 08 1
koL
Fig. 2. Conductance (averaged over k;,) as afunction of spin-orbit coupling strength
for the diamond chain (continuous line) and for the ladder (dashed line).
The two finite-size systems connected to input/output |eads
are shown in the inset. The parameters used for the calculation are:
50-elementary loops, ki, uniformly distributed in [0, 7t/L]

In the case of the AB cage, the first experimental verification came from transport
measurements [7, 8]. To propose a possible experimental verification of the Rashba
-cage effect, we evaluate the linear conductance of a diamond chain of finite length.
To show that the localization effect is due to the peculiar bipartite geometry of the
lattice, containing nodes with different coordination numbers, we contrast the dia-
mond chain with a square ladder, i.e. a chain of square loops connected at two verti-
ces, (the inset of Fig. 2). In the following, we will aso refer to the latter topology
simply as the ladder. The formalism to study the transport properties in the ladder has
been introduced in the Ref. [20].

For a given k;, the conductance has a rich structure, which takes into account the
complexity of the associated energy spectrum [20]. In particular, on increasing kso
gaps open and the energy of the incoming electrons (&, = (h’k /2m)) can enter one

of these gaps, leading to a vanishing conductance but not to a localization [20]. In
fact, in this case the insulating behaviour is due to the absence of available states at
the injection energy and not to the localization of the electron wave function in space.
This effect is not present in < G(kg, L) >k, since integration over ki, is equivalent to
an average over energy. The dependence of the average conductance < G(Kg, L) >, on

kso is shown in Fig. 2 for both the diamond chain and the square ladder. The conduc-
tance for both kinds of chains has a minimum for ksoL = 7/2, caused by phase differ-
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ences induced by the Rashba effect. Due to the existence of the Rashba cages, how-
ever, this minimum reaches zero only for the diamond chain.

T T -t - T - + - -t

Fig. 3. Conductance (averaged over disorder configurations and over k;,) plotted as a function of
spin-orhit coupling strength for the diamond chain (a) and the ladder (b). The two values of disorder
strength used in the calculation were: AL = 0.01L (solid line) and AL = 0.02L (dashed line). Disorder

averaging is done over 50 configurations, and ki, is uniformly distributed in [kr — /2, ke + 7/2],

with keL = 100. Both systems are composed of 50 elementary |oops

From studies on AB cages, we expect the localization induced by the Rashba ef-
fect to be robust against disorder only in the bipartite structure that contains nodes
with different coordination numbers (the diamond chain). A disorder that is more
dangerous for the Rashba-cage effect is random fluctuation in the length of the bonds
[6, 20], as such length fluctuations induce fluctuations in the phase shifts due to spin
-precession. Hence, we consider a model where the length of each bond is randomly
distributed in the interval [L — AL, L + AL]. The half width of the distribution AL
gives the strength of the disorder.

In order to clarify if disorder affects the conductance, we average over disorder con-
figurations. Thisis relevant to experiments, as in a real sample averaging is introduced
by afinite phase-coherence length. For intermediate values of disorder (k-AL = 1), we
find that the Rashba-cage effect is still present for the diamond chain, whereas the
periodicity in ks is halved for the ladder, as shown in Fig. 3. The latter result can be
interpreted as an analogue of the Altshuler—Aharonov—Spivak (AAS) effect [22] in-
duced by the SO coupling. At higher values of disorder, the AAS effect also prevails
in the diamond chain.

4. Physical interpretation

Let us consider the closed path in Fig. 4a, in which the four arms have the same
length. An electron injected at the point A can reach the point D by moving through
the upper path or though the lower path. The electron wave function gains a phase
that depends on the Hamiltonian describing the travelled path. This corresponds to
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introducing a phase operator Ry, that relates the wave function at the starting point p
with theits value in the end point q:

w(Q) = R (p) (6)

In this simple picture, the condition for having localization in this closed path is
that an electron injected at the point A undergoes a destructive interference at D. This
condition, in the mathematical form, corresponds to

(RBD ‘Ryg + Rep - RAC)I//ZO’ Yy )

AL .: Ry B

Fig. 4. Closed path between the points A and D (a). Thisis parameterised as a function of
the angle ¢. Three-dimensiona plot of the transmission probability as a function of the angle o
between the paths AB and AC and spin-orbit coupling ksoL (b)

When Rashba SO coupling is present and the magnetic field is zero, the phase op-
erator takes the spin precession into account being of the form

qu=exp{—ij:5-(2xdr)kso} )

i.e., thisis a spin-dependent operator. From Eq. (7) it is possible to retrieve informa-
tion about the transmission probability through the relation

[tP=Tr[1T") (9)

where I"=R,, -Rz + R - R, . In Figure4b, the behaviour of the transmission

probability (11) is shown as function of the angle « and of the SO coupling ksoL. It is
clear that the transmission probability goesto zero if and only if the angle between the
path is equal to m/2 and SO coupling is equal to m/2. This implies that we can achieve
acomplete localization only in alinear chain of square loops connected at one vertex
and not in a chain of rhombi.
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When the magnetic field B is present and Rashba SO coupling is zero, the phase
operator has the form

L2 9
R = —-i— | Ad 10
" exp{l%jj } (10)

This operator is strongly dependent on the path along which the electron travels
and it does not depend on spin. If we replace this phase operator in Eg. (7), the solu-
tion of the localization problem is given by

B=(n+1j,¢—°2 (1)
2 )sin(a)L

This equation relates the magnetic field inversely to the area of the closed path and
tells us that for each areaiit is possible to apply a magnetic field that induces electron
localization [2].

5. Thetwo-dimensional case

We now concentrate on a periodic tiling with the hexagonal symmetry, called T,
(Fig5a). This is a periodic hexagonal structure with three sites per a unit cell, one
sixfold coordinated and two threefold coordinated. It is also an example of a two-
dimensional regular bipartite lattice containing nodes with different coordination
numbers.

In Figure 5b, the behaviour of the averaged conductance for afinite piece of the T
lattice is shown as a function of reduced flux with zero SO coupling and SO coupling
with zero magnetic field. In the case of the magnetic field, we observe a suppression
of conductance due to the existence of the AB cage. The value of the averaged con-
ductance minimum is not exactly zero. This is due to the existence of dispersive edge
states [6], which are able to carry current even for ¢/¢ = 1/2. This value is independ-
ent of the number of injection channels.

In the case of SO coupling, we do not observe a strong suppression of the aver-
aged conductance as in the case of the magnetic field. A minimum is present, but it is
due to interference phenomena that do not induce complete localization. Furthermore,
this minimum cannot be caused by the existence of edge states, because it depends on
the number of injection channels.

In Figure 5c, the behaviour of the averaged conductance is shown as function of
SO coupling with ¢/¢ = 1/2 and the magnetic field with ksoLw™ = 0.5. In the first
case, the averaged conductance starts out from a point of maximum localization due
to the AB effect, in the second case the averaged conductance starts out from a point
of maximum localization due to the Rashba SO coupling. The main feature of these
two curves is that the general behaviour is similar in the case of fixed SO coupling as
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in the case without it. A well-defined minimum for ¢/¢, = 0.5 is still observed. On

the contrary, in the case of a fixed magnetic field we observe as the SO coupling sup-
press the destructive interference due to the AB effect and an anti-localization peak

appears.
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Fig. 5. A piece of the T network (a). Black dots on the | eft right) represent connections to the input
(output) channels. Averaged conductance <G>, /N;, as a function of reduced flux (solid curve) and spin-
orbit coupling (dashed curve) for a T; lattice with 200 quantum wires (b). Averaged conductance
<G>/N,, as afunction of reduced flux evaluated at ksoLm™* = 0.5 (solid curve) and spin-orbit coupling
evaluated at ¢ ¢ = 0.5 (dashed curve) for a T3 | attice with 200 quantum wires (c). Averaged
conductance <G>44N;, as function of reduced flux (solid curve) and spin-orbit coupling
(dashed curve) for a T; lattice with 200 quantum wires in the disordered case (d)

In Figure 5d, the behaviour of the averaged conductance with respect to the disor-
der is shown as a function of reduced flux and SO coupling for a fixed disorder
strength. It is clear that for the averaged conductance as a function of SO coupling the
periodicity is no longer ksol, but ksoL/2 according to the weak localization picture
[22]. The averaged conductance as a function of reduced flux remains ¢, periodic with
a large amplitude. This strongly suggests that the AB cage effect survives for this
strength of disorder.

We now consider transport through a finite square lattice (Fig. 6a). This network,
unlike the T3 lattice, does not present a bipartite structure containing nodes with dif-
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ferent coordination numbers. Accordingly, we do not expect any electron localization
phenomenon due to the AB effect or SO coupling. On the other hand, as we have
shown in Section 4, the sguare network is composed of elementary cells (squares)

that, as single elements, permit electron localization with both a magnetic field and
SO coupling.
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Fig. 6. A piece of the square lattice (a). Black dots on the left (right) represent the connections
to the input (output) channels. Averaged conductance <G> /N;, as a function of reduced flux
(solid curve) and spin-orbit coupling (dashed curve) for the square lattice with 178 quantum wires (b).
Averaged conductance <G> /N;, as a function of reduced flux evaluated at ksoLm™ = 0.5 (solid curve)
and spin-orbit coupling evaluated at ¢/ ¢ = 0.5 (dashed curve) for the square | attice with 178 quantum
wires (¢). Averaged conductance <G>44/N;, as afunction of reduced flux (solid curve)
and spin-orbit coupling (dashed curve) for the square lattice in the disordered case (d)

In Figure 6b, the behaviour of the averaged conductance for a finite piece of the
square lattice is shown as afunction of reduced flux with zero SO coupling and SO cou-
pling with zero magnetic field. The behaviour of the averaged conductance in the case of
SO coupling is completely different from that of the magnetic field. Both, however,
reach the same value, the former for koLm™ = 1/2 and the latter for @/ ¢, = 1/2. Accord-
ing to Section 4, both the AB effect and SO coupling induce electron localization in
the elementary cell of the square network for these values, that is for these two critical
values the system behaves the same way. If we now export this simple ideato the case
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of a square network, we infer that the conductance evaluated for ksoLm™ = 1/2 or @/ ¢h
= 1/2 has to show the same value.

It isinteresting to analyse what happens when both the magnetic field and SO cou-
pling are present. In Figure 6c, the behaviour of the averaged conductance is shown as
afunction of SO coupling with ¢/ ¢, = 1/2 and the magnetic field with ksoLt™ = 1/2. The
behaviour of both curvesisvery similar. The results of Section 4 tell us that these two
localization phenomena manifest the same effect but as consequence of different
physical aspects. In the case of SO coupling, we have a destructive interference be-
tween electrons undergoing spin-precession, instead of a spin-independent destructive
interference process as in the case of the AB effect. When both localization phenom-
ena are present at the maximum intensities, the destructive interference is completely
lost. We then observe anti-localization rather than localization. The averaged conduc-
tance goes to the same value observed for zero magnetic field and zero SO coupling
(Fig. 6b).

In Figure 6d, the behaviour of the averaged conductance is shown as a function of
reduced flux and SO coupling in the case of a disordered system. It is also manifested
in this case that the periodicity with respect to the magnetic flux and SO coupling is
no longer ¢ and ksol, but ¢y/2 and ksol/2, respectively.

6. Conclusion

We have shown that in a quantum network with a particular bipartite geometry
and containing nodes with different connectivities (a diamond chain), it is possible to
obtain localization of the electron wave function by means of the Rashba effect. This
localization shows up in the transport properties of a finite-size chain connected to
leads. Furthermore, transport calculations in the presence of disorder show that this
Rashba-cage effect is robust against disorder in the diamond chain. The effect of lo-
calization is not verified in two-dimensional networks with a bipartite structure and
containing nodes with different coordination numbers, such as the Tj lattice. We have
shown, however, that the effect of applying Rashba SO coupling and a magnetic field
can induce a strong anti-localization phenomenain those structures.
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