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Anomalous relaxation in dielectrics.  
Equations with fractional derivatives 
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It has been shown that anomalous relaxation in dielectrics can be described in terms of equations with frac-
tional derivatives. The solutions of the resulting equation with fractional derivatives are expressed by the Mittag 
–Leffler function and the Fox function. The conditions of a change from the Debye relaxation to “slow” (anoma-
lous) relaxation with a power time dependence have been examined in the limits t → 0 and t → ∞. 
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1. Introduction 

Anomalies of dynamic dielectric properties appear to be a characteristic feature of dis-
ordered ferroelectrics and polymers, as well as composites and other materials. In particu-
lar, strong dispersion of dynamic magnetic or dielectric susceptibility was observed in 
many spin or dipole glasses (see e.g., [1]). This dispersion is usually explained by the fact 
that the disordered systems have a wide spectrum of relaxation times, which may be ex-
tracted from the observed frequency dependence of susceptibility [2]. Examples include 
the dielectric response of ferroelectric relaxors of the following types: PbMg1/3Nb2/3O3 
PbSc1/2Nb1/2O3, Pb1–xLaxZr0.35Ti0.65O3 (x = (0.7–0.9)) [3–6]. 

It has been shown [1–7] that it is necessary to have different complicated empiri-
cal formulae, such as the Cole–Cole, Cole–Davidson, Havriliak–Negami, and others 
in order to describe responses different from Debye. 
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The empirical principles of Cole–Cole, Cole–Davidson, and Havriliak–Negami 
have been used for many years to describe relaxation processes in ordinary glasses, 
polymers, composites, disordered ferroelectrics, and other systems. Various data, 
obtained by means of methods including dielectric spectroscopy, nuclear magnetic 
resonance, quasi-elastic scattering of neutrons were successfully fitted with the Cole 
–Cole, Cole–Davidson, and Havriliak–Negami formulae. It is evident, however, that 
the application of distribution functions extracted from experimental dielectric re-
sponses, does not allow one to elucidate the physical nature of the anomalies in the 
responses of the disordered systems. 

Relaxation characterizes the reaction of a thermodynamic system to outer changes. 
Based on the observation that the rate at which a system approaches equilibrium is pro-
portional to the value of the deviation from equilibrium, the governing differential equa-
tion can be obtained, and its solution leads to an exponential (Debye) relaxation [7]: 

 /( ) e tf t τ−
∼   (1) 

Many experimental investigations of relaxation processes in random media do not 
coincide, however, with the above exponential (Debye) law. There, Kohlrausch ex-
plored the phenomenon of charge decrease in the “Leiden jar” 150 years ago [8]. He 
experimentally determined that the decrease of charge with time, q(t), occurred ac-
cording to the law: 

 ( ) ( )0 exp
t

q t q
β

τ
⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 (2) 

In accordance with Kohlrausch’s experimental data, β = 0.43 (β – the Kohlrausch 
constant). 

More recently, different dependences for the relaxation function have been ob-
tained, such as Cole–Cole, Cole–Davidson, and Havriliak–Negami, all determined 
empirically. No results of the calculations of the distribution function of the relaxation 
times have been published in the case of a particular model, i.e. no models allowing 
one to describe dielectric responses more complicated than the simple Debye princi-
ple have been formulated. Below, we will construct a mathematical model that leads 
to an anomalous (non-Debyan) relaxation of the type described by Equation (2). 

2. Anomalous relaxation 

At present, there is no quantitative microscopic theory capable of explaining the 
experimental dependences of the Cole–Cole, Cole–Davidson, and Havriliak–Negami 
types [1–33]. Sometimes it is even stated that such a theory cannot be developed [22]. 
This is due to the fact that spatial heterogeneity connected, for instance, with the ran-
dom positions of admixture molecules in a matrix or with the positions of atoms in an 
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amorphous semiconductors leads to a rather wide range of microscopic change rates. 
Such a spatial disorder will lead to a temporal and sometimes energetic disorder. 

In a number of works, different models were shown to describe anomalous relaxa-
tion. These were based on fractal concepts about processes producing anomalous re-
laxation [9–35]. 

The mathematical language of a fractional derivative [36–39], based on the repre-
sentation of the Riemann–Liouville operator of fractional differentiation, is used to 
describe and explore relaxation processes produced by fractal structures 

 [ ] 1
( ) ( ) ( )

(1 )

t
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D f t t f d

dt
α ατ τ τ

Γ α
−= −
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Investigations in this field gave fruitful results [9–35]. Representing a fractional 
derivative by Equation (3), however, makes it difficult to interpret the operations of 
differentiation and their connection with the fractal set: for example, a fractional de-
rivative of a constant is not equal to zero. The use of fractional derivatives has a phe-
nomenological and formal character. Equations with fractional derivatives have made 
different attractive analogies. Foundations for the connection of a fractional derivative 
with a fractal set, which produces the anomalous behaviour of dielectric relaxation, 
has been given in [25–28, 34, 35]. 

To make calculations more convenient, one connects the fractional differentiation 
operator 0 ( )D f tα

+  with the fractional integration operator Iαf(x) defined as [36–39] 

 ( )( )I f x xα
αΦ=  (4) 

where the function Φα(x) is 
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Φ τ
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C
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It can be shown that 

 ( )0 ( )
d

D f t t
dt

α
αΦ+ =  (6) 

i.e., the function Φα(x) can be thought of as a primitive function for f(t). The Laplace 
transformation gives [36–39] 

 ( ) ( ) ( )1
0 0L D f t p L f t p fα α α −⎡ ⎤ ⎡ ⎤= −⎣ ⎦⎣ ⎦  (7) 
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Now we consider a medium whose non-equilibrium state is of a fractal nature. We 
will assume that the non-equilibrium state is defined by a set of time events, in which 
subsequent events occur some time after the previous event has finished. In this case, 
some segments are excluded from the continuous states of the system during evolution 
according to a certain law. Such a process can be characterized as a process formed by 
a fractal state with a certain fractal dimension df. 

The relaxation equation will have the following operator form [35]: 

 ( ) ( ) 0
0

E
D P tα α

α
χτ
τ

−
++ =  (8) 

where Dα is the fractional differentiation operator 
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+
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The initial condition of Equation (8) is Р(0) = 0. In accordance with (8), the 
Laplace transform of the function P(t) can be obtained as: 
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According to Equation (10), the Laplace transform ( ) ( )( )P p L P t= can be ex-

pressed as the series 
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Thus, the solution of (8) in the space of originals is: 
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where Mα,1(z) is the Mittag–Leffler function 
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In our case, γ = 1. 
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It is convenient to use the Fox functions (i.e., the generalized Mellin–Barnes inte-
grals) when solving equations with fractional derivatives, since the Laplace and Fou-
rier transforms for the Fox functions are expressed through the Fox functions with 
other parameters. The connection between the Mittag–Leffler functions and the Fox 
functions is the following [40, 41]: 

 ( ) ( )
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0,1
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⎡ ⎤
− = ⎢ ⎥−⎢ ⎥⎣ ⎦

  (14) 

Therefore, Equation (12) can be written as 
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If α = 1, we obtain from Equation (15): 
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If α ≠ 1, according to Equation (15), it follows that 
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and 
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Thus, the solution of the equation with the fractional derivative (Eq. (8)) describes 
relaxation in dielectrics having a power time dependence with the asymptotic ap-
proximations of Equations (17) and (18). 

Now let us generalize the results obtained. Instead of Equation (8), another opera-
tor of fractional differentiation will be examined: 
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 is a binomial coefficient and αD is the operator of fractional 

differentiation, 
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In this case, the equation describing relaxation processes in dielectrics can be writ-
ten in the following way 
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where the initial condition is Р(0) = 0. 
In accordance with Equation (5), the Laplace transform of the function P(t) is: 
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where 
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By substituting p → iω and taking into account Equation (21), the complex sus-
ceptibility can be written in the form 
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Dependence (22) coincides with the experimental principle of Havriliak–Negami 
[7]. Hence it appears that the complex relative permittivity is equal to 
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Moving from the image in Equation (21) to the original, we get the solution of 
Equation (20), which describes a dielectric relaxation that coincides with the experi-
mental principle of Havriliak–Negami: 
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Thus, the dependence of the dielectric polarization P(t) on time has the form of 
Equation (26) for Havriliak–Negami relaxation. 

When γ = 1, the dependence (26) turns into the relaxation principle of Cole–Cole, 
and when α = 1, it turns into the principle of Cole–Davidson. Hence, one can con-
clude that the operator in (19) is a generalized operator of fractional differentiation. 

Thus, a mathematical model, i.e. a differential equation with fractional derivatives, 
was constructed to describe the relaxations of the Cole–Cole, Cole–Davidson, and 
Havriliak–Negami types in dielectrics. 

The obtained solution of the differential equation with fractional derivatives al-
lows one to predict anomalous dynamic dielectric properties in disordered materials, 
such as ferroelectrics, polymers, and composites used in various fields of human ac-
tivity, e.g. in electronics. 
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