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Sructurerecognition in MD-simulated materials.
A case study of BOs trianglesin borate glasses
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In computer simulations of the structure of matter, one usually obtains the Cartesian coordinates of
all the particles involved. A non-trivial problem of structure recognition and characterization arises. In the
present contribution, we study in detail the geometrical properties of a fuzzy-vertex CAs structural unit
(C — cation, A — anion). Two deformation degree estimators are introduced and examined. The Monte
Carlo-generated stochastic characteristics of fuzzy CA; triangles constitute conventional reference data
that can be compared with the corresponding distributions calculated for a computer-simulated material.
A quantitative estimation of the deformation degree of CA; units in the simulated structure can thus be
obtained. We apply the methods developed to quantitatively characterize the geometry of BO; structural
units in B,O;3 glass.
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1. Introduction

Computer simulations are widely used to calculate the structure of matter at the
atomic level. The most common technigues are molecular dynamics (MD, e.g. [1-3])
and Monte Carlo (MC, e.g. [4, 5]) methods. At present, one can simulate fairly large
systems, containing up to about 10° particles. Up to the date, structures of thousands
of various materials have been simulated, including functional materials, very com-
plex in their structure and behaviour. Computer technology development itself, how-
ever, does not automatically guarantee sufficiently good reliability of the simulation
results. Even for relatively simple materials one encounters enormous difficulties in
reproducing their correct structure.
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The result of a direct MD simulation is a set of the Cartesian coordinates (and ve-
locities) of all the particles versus time. A non-trivial problem of structure recognition
arises. As far as the short-range ordering in the simulated material is concerned, it is
often sufficient to analyse partial pair distribution functions (pPDF) together with
angular distribution functions . The detected structural units are often claimed
vaguely to be more or less distorted, usually with little effort to provide a precise,
guantitative characterization of the degree of distortion.

In the present contribution, we make a step towards the development of tools al-
lowing a conventional quantitative characterization of the deformation degree of sim-
ple structural units appearing in computer-simulated material structures. We study in
detail geometrical properties of a CA; structural unit (C — cation, A — anion), i.e. of
a flat equilateral triangle with three anions in its vertices and a cation in the triangle’s
centre. In particular, we use the Monte Carlo method to obtain the distributions of
AAA, ACA, and CAA angles in a fuzzy-vertex CA; unit, i.e. with random positions of
anions, assumed to have uniform probability densities within spheres of radius r (the
deformation amplitude), centred on the ideal vertex positions. We scan the interval
0 <r < I'max, 'max b€ING equal to 10% of the AA distance, with the step of 0.001. More-
over, two deformation degree estimators are introduced (cf. [12]), and the distribu-
tions of their values as functions of the deformation amplitude r are calculated. The
MC-generated distributions constitute conventional reference data (obtained for
a non-interaction purely stochastic geometry model) that can be compared with the
corresponding distributions calculated for a computer-simulated material. A quantita-
tive estimation of the deformation degree of CAs units in the simulated structure can
thus be obtained. We apply the developed methods to quantitatively characterize the
geometry of BOs structural units in B,O3 glass, simulated using an MD technigue with
three various inter-atomic potentials, each of them adequately reproducing the ex-
perimental short-range correlations. We show that the degree of deformation of the
basic structural units appear to be highly potential-dependent.

Although B,0Os glass has been known for many years and has found numerous im-
portant practical applications (e.g., in optical fibre technology), its structure is still
intensively studied, and several questions and doubts on B,Oj3 structure remain open.
Goubeau and Keller [13] suggested that B,O3 glass consists of planar hexagonal B;0O;
boroxyl rings interconnected by bridging oxygen atoms. Although Krogh-Moe [14]
showed that several properties of borate glass are consistent with this model, its
uniqueness has not been proven, and the existence of boroxyl rings has been seriously
questioned. There is strong evidence from nuclear magnetic resonance (NMR) studies
that each B atom is at the centre of an equilateral triangle having oxygen atoms in its
corners [15]. Mozzi and Warren [16] have found their X-ray-extracted radial distribu-
tion functions to be fitted better by a model in which most of these triangles are or-

“There are other ways to characterise the local structure, such as the Voronoi polyhedra or Delunay
simplexa techniques [6-11].
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dered in flat boroxyl rings. Elliott [17] has calculated pPDFs from computer-
simulated structures and concluded that the X-ray data can be better understood by a
continuous random network (CRN) of BO; triangles (no boroxyl rings). In the opinion
of Galeener et al. [18], borate glasses reveal fractions of both of the above-mentioned
structural features. More recently, Swenson and Borjesson [19], using the reverse
Monte Carlo modelling, have argued that a fraction of BOs triangles form deformed
(not flat) boroxyl rings.

The paper is organized as follows. In Section 2, we investigate the stochastic ge-
ometry properties of fuzzy CAs structural units. In Section 3, we describe our MD
simulations of B,0s glass and apply the developed tools to analyse the structure of
BOs units. Section 4 contains concluding remarks.

2. Geometric properties of fuzzy CAstriangles

The actual displacements of atoms from their ideal positions are correlated within
a thermally vibrating unit and influenced in a complicated way by the instantaneous
configurations of neighbouring atoms. Thus, the realistic generation of reference data
is quite difficult and we have used a very simple, non-interaction model of vortex
displacements, viz. a uniform probability distribution within a sphere centred on the
ideal (equilibrium) anion position.

An equilateral triangle with the fourth site in its geometrical centre was repeatedly
distorted at random: vortices were shifted at random within spheres of radii equal to
a fraction r of the ideal AA distance, whereas the C-site position remained fixed.
10’ distorted polyhedra were generated in order to calculate the distributions of the
AAA, ACA, and CAA angles and the distortion parameters, Tr, and Tr, (defined be-
low). Such Monte Carlo calculations were performed for a series of subsequent values
of r, varying with a step of Ar = 0.001 from zero to ry. = 0.1 of the AA distance. The
AAA, ACA, and CAA angular distributions in fuzzy-vertex CAz units for several
values of the deformation amplitude r are shown in Figure 1.

Let us consider the central tendencies of the AAA, ACA, and CAA angular distribu-
tions. The arithmetic mean X, for the frequency distribution f; of finding values of x; is

defined as X = Zik:lx f, / Zik:l f,, where k is the number of classes of x values. The vari-

ance of x is expressed as o> = x* —X*and measures the dispersion of the distribution val-
ues around the mean value. The shape of the distributions shape can be characterised by
the Fischer asymmetry coefficient £ and the Pearson coefficient of kurtosis K:
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Fig. 1. Probability densities P(¢) for the AAA, CAA, and ACA angular distributions

son parameters are shown in Figure 2.

The S parameter is zero for symmetric distributions. The higher the absolute value
of f, the higher is the degree of asymmetry. Positive and negative values of S corre-
spond to distributions with a right and left asymmetry, respectively. The K parameter
measures the deviation of a given distribution from the normal distribution. For ex-
actly normal distributions, K = 3. For K € (0,3), the analysed distribution is platicur-
tic, i.e. flatter than the normal distribution, while for K e (3,0) it is leptokurtic, i.e.
more peaked than the normal distribution. The r-dependences of the mean values of
the AAA, ACA, and CAA angular distributions, their variances, and Fisher and Pear-
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Fig. 2. Central tendencies of the probability densities P(¢) for the angular distributions
AAA, ACA and CAA for which vertices (A-sites) assume random positions within 3D spheres
with uniform probability. Upper left: mean angle, upper right: angle variance, lower left:
the Fischer asymmetry coefficient S, lower right: the Pearson coefficient of kurtosis K.
The mean value of the AAA angle is r-independent and equal to 60°

In order to measure the overall degree of deformation of CA; triangles, we define
two estimators (cf. [12]):

3.
Z (Iaa- IA—A,i )2
Tr, = )
3l ana

and

i(l_A—A - IA—A,i )2 i (I_C—A - IC—A,i )2
Tr, =2 +2 3)

=2 -2
3' A-A 3' C-A

where 1aa and Ic_a denote the average AA and CA distances, whereas Iaai and

lc-ai the actual lengths of the i-th AA sides and CA distances, respectively. The
above deformation estimators are zero for a regular (ideal) geometry and positive for
deformed structures. MC simulation results for the CAs unit are shown in Figure 3.
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Figure 3. Distributions of Tr; and Tr, parameter values
in the function of the anion shift amplitude

In order to see whether the CAj; triangles are flat, a simple additional parameter,
H, has been introduced. H is defined as the average distance from the central cation
to the plane spanned by the three neighbouring anions. The lower H is, the flatter the
CA; unit. The dependences of Tr and c?(Tr) are shown in Figure 4. The mean values
of the distributions of Try and Tr, depend on r approximately quadratically, i.e. as ar?,
where «is close to 2 (up to about 0.01), whereas the coefficient a assumes the values
of 0.20 and 0.58 for Tr, and Tr,, respectively. The variances follow a cr” dependence
with yclose to 4 (up to about 0.03), while the coefficient c equals 0.03 and 0.18 for
Try and Tr,, respectively. The r-dependences of fand K are linear:

Bri=0.72+035r, Ky =3.50+0.32r
Bri =052 +0.40r, K =3.21+0.66r

The mean value of the parameter H related to CA; triangles, H, also depends linearly
on r, according to H(r) = 0.21r, where 0.21 is an empirical MC coefficient.
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Having a numerically simulated structure of a particular material at one’s disposal
(in the present case, B,Os glass structure from a molecular dynamics simulation), it is
possible to calculate the values of estimators and angles for all the BO; units detected
within the simulation box and construct the corresponding histogram of the occur-
rence frequencies of these values. Data obtained in this way, however, are difficult to
interpret quantitatively. In order to enable such an interpretation, the properties of the
angular distributions and deformation degree estimators were studied separately (in-
dependently of any physical system), providing reference data, which is presented in
proceeding paragraphs. A comparison of the distributions of estimators and angles for
a given numerically simulated material with the above reference makes it possible to
quantitatively characterize the degree of disorder in a material structure obtained from
a simulation.
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Fig. 4. The r-dependence of the distributions Tr: and ¢*(Tr,)
(solid lines) as well as Tr. and o*(Tr,) (dashed lines)

A guantitative evaluation of the deformation degree of the simulated CA; triangles
can be realised in the following steps:

e Calculating the distribution (histogram) of the values of estimators and angles
for all the structural units detected in a numerically generated solid (i.e., for the MD
simulation, the results of which are to be analysed). For this distribution, one can cal-
culate its average value, standard deviation, asymmetry parameters (e.g. the Fisher
parameter), and the Pearson kurtosis parameter.

e Minimum-square fitting of the Monte Carlo-generated distributions of estimators
and angles (with the reference data described above) to the corresponding distribution
obtained from a structure simulation yields the optimal value of r, rp, = g. Mean val-
ues, standard deviations, and the Fisher and Pearson parameters obtained for the ref-
erence data and those obtained from structural simulations can also be compared.

Conclusions emerging from such comparisons may be that the overall deformation
degree of a structural unit AC; appearing in our MD structural simulation is effec-
tively the same as that of the unit with fuzzy vertices, i.e. assuming random positions
within spheres of radius g (with a uniform probability density). Thus, our procedure
provides a conventional quantitative characterization of the deformation degree of
basic structural units obtained in structural simulations.



996 G. BERGMANSKI et al.

3. BOs unitsin borate glasses
—results of the smulation and discussion

Our MD simulations of borate glasses have been performed in the microcanonical
ensemble (NVE) using the mdsim code [20]. The number of atoms within a cubic
simulation box with periodic boundary conditions amounted to 5000. The glasses of
1800 kg/m® density were initially prepared in a well equilibrated molten state at
10 000 K, then cooled down to 300 K at an average rate of 2 -10** K/s, passing equi-
librium states at 8000 K, 6000 K, 5000 K, 4000 K, 3000 K, 2500 K, 2000 K, 1500 K,
1000 K, and 600 K. Temperature scaling was applied whenever the rolling average of
temperature (calculated over the last 100 time steps) went out of the (T — AT, T + AT)
interval. At each intermediate temperature, the system was equilibrated during 30 000 fs
time steps, using AT = 100 K for T > 1000 K, AT = 20 K for T = 600 K, and AT = 10
K for 300 K. Equilibrated systems were sampled during 10 000 fs time steps.

Three various force field models were applied: that of Takada et al. [21, 22] (1),
Xu et al. [23] (II), and Soules [24] (111). All the above-cited interaction potentials are
of the Born—-Meyer—Huggins type (with full ionic charges) and have been parameter-
ised to reproduce the short-range structure inferred from experimental investigations.

One can calculate the angular OO0, OBO, and BOOQ distributions and the distribu-
tions of the parameters Tr; and Tr, (and various characteristics of the obtained distri-
butions, such as central tendencies and standard deviation) for MD-simulated struc-
tures. For a complete quantitative analysis, however, one should compare the MD-
extracted data for BOs triangles with the reference data presented in Section 2.
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Fig. 5. Example MD-extracted distributions of the Tr, and Tr, parameters (potential (I) simulation),
compared with the best-fit (q = 0.08) model Monte Carlo reference data.
The Monte Carlo reference data for r = 0.07 and r = 0.09 are shown for comparison

Cation—anion adjacency graphs have been constructed with a cut-off distance on
the B-O bond length equal to R, = 1.87 A, common to all the simulations. In the
final structures obtained with force field (1), 99.9% of the B atoms have a three-fold
oxygen co-ordination, whereas the (1) and (111) force fields produced structures with
97.75% and 99.6% of the B cations with three oxygen neighbours, respectively. Shape
analysis has been performed on all of the BOs triangles found.
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The analysis of the distributions of the Try and Tr, parameters consisted of their
calculation for all the BO; triangles found in the simulated atomic configurations and
of a minimum-square fitting to the Monte Carlo-generated reference data. In Figure 5,
we have shown an example of MD-extracted distributions of the parameters Tr, and
Tr, (for potential (111)), compared with the best-fit Monte Carlo reference data.

BO; units are the most deformed in structures obtained using potential (I) (the
best-fit r-value, g = 0.08, H = 0.07 A). The most regular BO; triangles were obtained
with interaction model (11) (g = 0.03, H = 0.05 A). Interaction model (I1l) yielded
rather irregular BOs units, with g = 0.045 and H ~0.07 A.

All of the H,, values have been compared with theoretically calculated

H,,c = 0.21q values (Monte Carlo reference data). For all the cases, the H,,, values

exceeded significantly the corresponding H,,. values. This means that the distance of

B atoms from the oxygen plane is due to a structural deformation (low BO; pyramids)
rather than from oxygen thermal vibrations of the flat BO; triangle.

Table 1. The g values obtained from fitting the Monte Carlo reference data
of the angular distribution functions and the Tr, and Tr, parameters to the MD data
obtained with potentials (1), (I1), and (111). The fitting error does not exceed 0.005

Potential 000 angles OBO angles BOO angles Try Tr,
()] 0.07 0.08 0,07 0.08 0.08
(D) 0.02 0.03 0.03 0.03 0.03
(1 0.05 0.05 0.05 0.04 0.05

The angular distribution functions for OOO, OBO, and BOO triples were also cal-
culated for the MD-simulated structures and compared with the reference MC data.
The best-fitting procedure yielded the q values listed in Table 1. Almost the same
deformation amplitudes can be inferred by comparing the MD data with Monte Carlo
reference data of the Tr, and Tr, parameters or of the AAA, ACA, and CAA angular
distributions (A = O, C = B).

4. Concluding remarks

In this brief contribution, we have made a step towards developing useful tools that
allow a conventional quantitative characterization of the deformation degree of the sim-
ple structural unit CAs, which often appears in computer-simulated material structures.
We have presented Monte Carlo reference data relative to angular AAA, ACA, and
CAA distributions and deformation estimator value distributions in fuzzy vertex CA;
triangles. The usefulness of MC reference data for characterising the degree of deforma-
tion of BOjs structural units in MD-simulated B,O3 glass is demonstrated.
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In MD simulations realised with three different parameterisations of the Born-
Meyer-Huggins potential, almost all B atoms are at the centre of an equilateral trian-
gle having an oxygen atom at each corner. A comparison of the MD-simulated OOO,
OBO, and BOO angular distributions and distributions of the deformation estimator
values with reference MC data for fuzzy vertex CA; triangles yielded the following
quantitative characteristics for BO; units in borate gasses. The most regular BOs tri-
angles were obtained using interaction model (I1) (q = 0.03, H = 0.05 A), less regular
for interaction model (I11) (q = 0.045, H = 0.07 A), and the most distorted units were
obtained for potential parameters (I1) (g = 0.08, H = 0.07 A). Such a high value of
H for all potentials was classified as structural deformation, as H,,, >H,,. . The

results described above mean that the overall deformation degrees of a structural unit
BO; appearing in our MD structural simulation are effectively the same as for the unit
with fuzzy vertices, which assumes random positions (with uniform probability den-
sity) within spheres of radii equal to 8%, 3%, and 4.5% of the mean OO distance for
force fields (1), (11), and (I11), respectively. Finally, it should be noted that the overall
deformation degree of the BOs units inferred from the analysis of angular distribu-
tions and from the Tr estimator distributions are essentially the same, therefore practi-
cally it is sufficient to analyse only the angular correlations or deformation estimator
distributions.
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